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Cooper [2] ) :
$a_{7}b$ ( ) $A,$ $B$ $M_{r}(A, B)$
A [19]
adjoint $*$
$M_{r}^{*}(A, B)\equiv M_{r}(A^{-1}, B^{-1})^{-1}=M_{-r}(A, B)$
$\lceil_{\mathrm{s}\mathrm{e}1\mathrm{f}- \mathrm{a}\mathrm{d}\mathrm{j}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\rfloor}$





$Q_{f)}w((x_{k}))=f^{-1}( \sum_{k}w_{l\hat{u}}f(x_{k}))$ $(w_{k}\geqq 0,$ $\sum_{k}uJ_{k}=1)$
quasi-arithm etic mean
Hardy-Littlewood-P\’olya [14] ( 2 III
6.19,20 ) Math. SciNet 40
[3] ).- [16] quaei-





















$M_{r}(a, b)_{0}=a,$ $M_{r}(a, b)_{1}=b$ $a$ $b$
$\overline{\pi}$










$L(a, b)= \frac{b-a}{\log b-\log a}$
Shannon adjoint
$L^{*}(a, b)= \frac{-\log b+\log a}{1/b-1/a}=\frac{ab(\log b-\log a)}{b-a}$
$L_{r}(a, b)= \frac{r}{r-1}\frac{ab^{T}-ba^{T}}{b^{r}-a^{\Gamma}}$
Jensen Kantorovich [23]
Ky Fan-Furuta constant (
$\vdash[13]\S 3.6$ )







$G_{s,t}(a, b)= \frac{t}{s}\frac{b^{s}-a^{s}}{b^{t}-a^{t}}$ .
)
:
$L(a, b)=F_{1/3}(a, b)$ [11] Lin[20]
[17] ;
Lin-Kubo Theorem. $\min\{r\geqq 0|L(a, b)\leqq M_{r}(a, b)$ $( \forall a, b>0)\}=\frac{1}{3}$ .
2 :
Domination Theorem. $\min\{r\geqq 0|F_{p}(a, b)\leqq M_{r}(a, b)$ $(\forall a, b>0)\}=p$ .
:
$L_{r}^{-}(a, b)\equiv L_{-r}(a,$ $b1,$
$= \frac{-r}{-r-1}\frac{ab^{-r}-ba^{-r}}{b^{-r}-a^{-r}}=\frac{r}{r+1}\frac{a^{r+1}-b^{r+1}}{a^{r}-b^{r}}=\frac{r}{r+1}\frac{b^{r+1}-a^{r+1}}{b^{r}-a^{r}}\cdot$
Hardy-Littlewood-P\’olya
quasi-arithmetic mean $Q_{f}(a, b)$
3.
2 - (
) $-1\leqq r\leqq 1$
$a$ 1 :
$m_{r}(x) \equiv M_{r}(1, x)=(\frac{1+x^{r}}{2})^{1/r}$ , $f_{r}(x) \equiv F_{r}(1, x)=\frac{3r-1}{3r+1}\frac{x^{\frac{3r+1}{2}}-1}{x^{\frac{3r-1}{2}}-1}$ .
:













$\log M_{T}(A, B)=\frac{\log\frac{A^{r}+B^{r}}{2}}{r}\leq\frac{\log\frac{A^{s}+B^{s}}{2}}{r\cdot s/r}=\frac{\log\frac{A^{s}+B^{s}}{2}}{s}=\log M_{s}(A, B)$
$M_{r}(A, B)$ $r$ 1 Cooper chaotic
$($see also $[12])_{0}$ Jensen
0 chaotically geometric mean
$\exp(\frac{\log A+\log B}{2}.)\backslash$ $\exp((1-t)\log A+t\log B)$
(cf.[12]) $A$ $B$
path 0
$\frac{d\exp((1-t)\log A+t\log B)}{dt}=(\log B-\log A)\exp((1-t)\log A+t\log B)$




$A \neq_{t}B=\lim_{rarrow 0}A^{1/2}M_{r}((1-t)I, tA^{-1/2}BA^{-1/2})A^{1/2}=A^{1/2}(A^{-1/2}BA^{-1/2})^{t}A^{1/2}$
path 0 [7]
$S(A|B)=A^{1/2}\log(A^{-1/2}BA^{-1/2}\grave{)}A^{1/2}$
$[8, 17]$ -Tr Belavkin-Staszewski entropy [1] Tsallis
entopry [8]
4.
Hardy-Littlewood-P\’olya - [16] quasi-arithmetic mean
Stokes
2 $a,$ $b$ : $\mu=\{\mu^{[a,b]}|0<$
$a\leqq b\}$ $f$
$T[\mu;f](a, b)=f^{-1}(l^{b}f(x)d\mu^{[a,b]})$ .
$a\leqq T[\mu;f](a, b)\leqq b$ $a=b$
$\mu^{[a,a]}=\delta_{a}$ $T[\mu;f](a, a)=a$
1,2 Lebesgue $m$
$m^{[a,b]}= \frac{m}{b-a}$ $\text{ }$ $f(x)=x^{r}$
$T[m;x^{r}](a, b)=( \oint_{a}^{b}x^{r}dm^{[a,b]})^{1/r}=(\frac{b^{r+1}-a^{r+1}}{(b-a)(r+1)})^{1/r}$
:
( $r=0$ identric mean )
$L_{r}(a, b)$ $L^{*}(a, b)$
$\mathrm{A}1\circ$
$\ovalbox{\tt\small REJECT}^{[perp]}\ovalbox{\tt\small REJECT}\backslash$ Dirac $\delta_{x}$ $\mu_{\delta}^{[a,b]}=\frac{\delta_{a}+\delta_{b}}{2}$




$T^{*}[ \mu \mathrm{j}f](a, b)=(T[\mu;f](1/b, 1/a))^{-1}=(f^{-1}(\oint_{1/b}^{1/a}f(x)d\mu^{[1/b,1/a]}))^{-1}$
$r$
$f(x)=x$ $x^{r-1}dx$ $\Phi\backslash \mathrm{f}\mathrm{f}\mathrm{i}\backslash \backslash$I $d \mu_{r}^{[a,b]}(x)=\frac{r}{b^{r}-a^{r}}x^{r-1}dx$
$T[ \mu_{r};x]=\frac{r}{b^{r}-a^{r}}l^{b}x^{r}dx=\frac{r}{b^{r}-a^{r}}\frac{b^{r+1}-a^{r+1}}{r+1}=L_{r}^{-}(a, b)$
exponencial mean $e^{x}dx$ $d\mu_{e}^{[a,b]}(x)=$
$\frac{e^{x}}{e^{b}-e^{a}}dx$ ( ) :
$T[ \mu_{e};x](a, b)=\frac{(b-1)e^{b}-(a-1)e^{a}}{e^{b}-e^{a}}$ .
$M[\mu;f](a, b)\leqq M[\mu_{7}.g](a, b)$
Jensen :
(i) $g$ $g\mathrm{o}f^{-1}$ $(\mathrm{i}’)$ $g$ $g\circ f^{-1}$
(ii) $f$ $f\mathrm{c}g^{-1}$ $(\mathrm{i}\mathrm{i}\})f$ $f\circ g^{-1}$
discussion
$[5]_{0}$




[1] V.P.Belavkin and P.Staszewski: $C^{*}$-algebraic generalization of relative entropy and entropy)
Ann. Inst. H. Poincar\’e Sect. $\mathrm{A}.37(1982),$ $51-58$ .
[2] R.Cooper: Notes oncertain $\mathrm{i}nequalities_{f}II,$ J. London Math. Soc. $2(1927),$ $159-163$ .
[3] E.L.Dodd: The substitutive mean and certain subclasses of this general $mean_{7}$ Ann. Math.
Statistics 11(1940). 163-176.
[4] B.Fuglede and R.V.Kadison: Determinant theory in finite factors, Ann. of Math., 55(1952),
520-530.
[5] J.I.Fujii: Kubo-Ando theory for convex functional means, Sci. Math. Japon. 57(2003), 351-
363.
[6] J.I.Fujii, T.Furuta, T.Yamazaki and M.Yanagida: Simplified proof of characterization of
chaotic order via Specht’s ratio, Sci. Math., $2(1999),$ $63-64$ .
[7] J.I.Fujii and E.Kamei: Relative operator entropy in noncommutative infomation theory,
Math. Japon., 34 (1989), 341-348.
[8] J.I.Fujii and E.Kamei: Interpolational paths and their derivatives, Math. Japon., 39(1994),
557-560.
[9] J.I.Fujii, M.Nakamura and Y.Seo: Operator valued determinant and Hadamard product, Sci.
Math. Japon., 60(2004), 1-8.
[10] J.I.Fujii and Y.Seo: Determinant for positive operators, Sci. $\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{h}.71(1998),$ $153-156$ .
[12] J.I.Fujii and Y. $\mathrm{S}\mathrm{e}\mathrm{o}$ : On parametrized operator means dominated by power ones, Sci. Math.,
1(1998), 301-306.
[12] M.Fujii and R.Nakamoto: A geometriC mean in the Furuta inequality, Sci. Math. Japon.,
55(2002), 615-621.
[13] T.Furuta: “Invitation to Linear Operators”, Taylor&Francis, London-New York, 2001.
[14] G.H.Hardy, J.E.Littlewood and G.P\’olya: “Inequalities”, Cambridge Univ. Press, Cam-
bridge, 1934 ( $2\mathrm{n}\mathrm{d}$ ed. 1951).
[15] F.Hiai and H.Kosaki:Means for matrices and comparison on their norms, Indiana Univ.
Math. J., 48(1999), 899-936.
[16] T.Ito and C.Nara: Quasi-arithmetic means of continuous functions, J. Math. Soc. Japan
38(1986), 697-720.
[17] E.Kamei: Paths of operators parametrized by operator means, Math. $\mathrm{J}\mathrm{a}\mathrm{p}\mathrm{o}\mathrm{n}.,39(1994),$ $395-$
$400$ .
[18] F.Kubo: On $logar\dot{0}thm\mathrm{i}c$ operator means, Tenth-Symp. Appl. Func. Anal., (1987), 47-60.
[19] F.Kubo and T.Ando: Means of positive linear operators, Math. $\mathrm{A}\mathrm{n}\mathrm{n}.,$ $246(1980),$ $205-224$ .
[20] T.-P.Lin: The power mean and the $loga7\dot{T}thm\mathrm{i}c$ mean, Amer. Math. Monthly, 81 (1974),
879-883.
[21] A.Matsumoto and M.Tominaga; Mond-Pecaric method for a mean-like transformation of
operator functions, Sci. Math. Japon., 61 (2005), 243-247.
[22] M.E.Mays: Functions which parametrize $means_{\gamma}$ Amer. Math. Monthly, 90 (1983), 677-683.
[23] S.-E. Takahasi, M. Tsukada, K. Tanahashi and T. Ogiwara: An inverse type of Jensen’$s$
inequality, Math. Japon., 50(1999), 85-92.
